This work investigates active vibration control of tonal hull axial resonances to attenuate the structural and acoustic responses of a submarine. A submerged hull can be idealised as a ring-stiffened finite cylinder with external fluid loading. At low frequencies, rotation of the propeller results in discrete tones at the blade passing frequency and its harmonics. The fluctuating forces at the propeller are transmitted through the propulsion system, resulting in excitation of the low frequency hull vibrational modes, which in turn results in a high level of structure-borne radiated noise. Global hull modes are difficult to attenuate since passive control techniques such as damping materials and isolators are not practical due to size and weight constraints. This work numerically investigates the application of active vibration control based on a feedforward algorithm to suppress the axial and radial hull displacements. The effect of various cost functions and control arrangements on the structure-borne radiated noise is presented.
INTRODUCTION
Structure-borne noise is a significant problem for maritime vessels. For civilian crafts, crew and passenger comfort can be compromised. In the case of military ships and submarines, it is desirable to reduce the associated acoustic signature and hence the vulnerability to detection by hostile sensors such as acoustic mines and sonar. Low frequency underwater noise can also affect the behaviour of marine mammals such as whales and dolphins. The major sources of maritime vessels contributing to underwater noise are the onboard machinery, propeller and the flow of fluid over the hull [1] . In particular, rotation of a marine propeller in a nonuniform wake field results in discrete tones at the blade passing frequency and its harmonics. The fluctuating pressure from the propeller results in an axial excitation which is transmitted from the propeller shaft through the thrust bearing, thereby exciting hull vibrational modes. For a submarine, excitation of the low frequency axial and radial hull modes can result in significant acoustic signature.
Controlling the vibration and sound radiation from cylindrical shells was initially investigated using passive damping. In early work, Markus [2] used an unconstrained layer of viscoeleastic material to passively dampen a cylinder in axisymmetric motion. For higher damping characteristics, a passive constrained damping layer was developed [3] . Active vibration control (AVC) and active structural acoustic control (ASAC) of cylinders using piezoelectric actuators to generate secondary forces have been investigated analytically [4] and experimentally [5] . Baz et al. [6, 7] combined the constrained passive treatment with active control to form an active constrained damping layer for a cylindrical shell. This work was then extended for the case of a cylindrical shell with external fluid loading [8] . Active control of sound radiated by a cylinder in the time domain with piezoelectric actuators and using discrete structural acoustic sensing has been applied, where the radiated sound field is estimated by the structural response at the wet surface [9] .
Both passive and active control methods have been applied to analytical and computational models of a submarine. Pan et al. [10, 11] present an active control strategy using a stiffener to generate a control moment, in order to reduce the sound radiation from an axisymmetrically vibrating submarine hull. Merz [12] developed numerical finite element/boundary element models of a submarine to predict the sound power radiated from the hull due to propeller forces. The performance of different active control strategies was presented. Firstly, the secondary excitation utilised actuators with tuned passive elements. The passive elements of the actuators were tuned such that their natural frequencies were similar to the natural frequencies of the hull. The other control strategy was applied using a moment generated by means of a torsionally stiff ring. Paired point forces of opposite direction were applied, where electromagnets were used for the tuned actuators and piezoelectric stacks were used to generate the moment. Two control strategies corresponding to active vibration control and discrete structural acoustic sensing were used in the development of the cost function based on the radiated sound power. Basten et al. [13] explored the practical application of feedforward active control of the tonal vibrations of a warship gearbox. A control system featuring six actuators minimised the squared sum of velocity signals to reduce the responses of the gearbox associated with the third engine order. Attenuation of the underwater sound spectra of up to 13dB was achieved. Recent work by Caresta [14] investigated the use of inertial actuators to reduce the sound radiated by a submarine hull in bending vibration, using both AVC and ASAC strategies.
This paper presents an analytical study investigating the use of active vibration control to attenuate the structural and acoustic responses of a submerged hull. An analytical model representing a simplified physical model of a submarine hull is developed, including the effects of ring-stiffeners, bulkheads, on-board masses and external fluid loading. An acoustic model using the Helmholtz integral equation to obtain the structure-borne radiated noise is then presented. Application of active vibration control based on a feedforward algorithm to suppress the axial and radial hull displacements at the tonal hull axial resonances is investigated. The effect of various cost functions and control arrangements on the structure-borne radiated sound pressure is examined. Results show that active control of the submerged vessel can provide large reductions in both the structural and acoustic responses of the hull. Cost functions based on either the squared axial or radial hull displacements are found to be effective in attenuating the hull vibro-acoustic responses.
DYNAMIC MODELLING OF A SUBMERGED HULL 2.1 Dynamic response of a cylindrical shell
A simplified physical system model of the pressure hull of a submarine is presented as a ring-stiffened finite cylindrical shell separated into compartments by internal bulkheads. At low frequencies where the fluid wavelength is long compared with the dimensions of the hull, the ends of the cylinder behave as monopoles and can be simplified as rigid end plates. The use of fluid loaded hemispherical and truncated conical end caps was computationally investigated by Merz et al. [15] . They showed that at low frequencies, the effect of including realistic end closures has only a slight effect of reducing the hull axial resonant frequencies by less than 0.5 Hz. In this work, for simplification of the low frequency analytical model, the hemispherical and conical end caps were neglected and the cylinder was closed at each end by rigid end plates. A distributed mass on the shell was used to account for onboard machinery such as the engines, generators and auxiliary equipment. Furthermore, lumped masses are located at each end to account for the ballast tanks and to maintain a condition of neutral buoyancy. The entire hull is submerged in a heavy Active control of the accordion modes of a submerged hull JOURNAL OF LOW FREQUENCY NOISE, VIBRATION AND ACTIVE CONTROL fluid medium. An axial excitation force is applied at one end to simulate excitation due to the transmission of fluctuating forces from the propeller through the shafting system. A schematic diagram of the submerged hull is given in Fig. 1 . For a cylindrical shell, the axial u c , circumferential v c , and radial w c motions are the orthogonal components of the cylinder displacement in the x, y and z directions, respectively, as shown in Fig. 2 . a is the mean radius of the shell, h is the shell thickness and L is the length of the cylinder. Various equations of motion for a cylinder have been derived and are summarised by Leissa [16] . In this work, the cylinder is modelled using the Donnell-Mushtari equations of motion. The ring stiffeners are modelled in a smeared fashion in which the stiffening properties are averaged across the surface of the shell [17] . The smeared approach is accurate for low frequencies where the wavelength is much larger than the stiffener spacing, resulting in the structure being treated as an unstiffened cylinder with orthotropic properties. In order to account for the onboard machinery, extra terms in the equations of motion are also introduced, resulting in an increase of the shell mass density. Fluid loading on the cylindrical hull is modelled in terms of an acoustic impedance, which is made up of the fluid reactance and resistance. The excitation from the propeller-shafting system is modelled as an axial force at one end of the hull. This gives rise to an axisymmetric case corresponding to excitation of the zeroth circumferential modes (n = 0). For the n = 0 modes, the equations of motion for the axial and radial motions become uncoupled from the equation of motion for circumferential motion. At low frequencies, the circumferential motion of the hull does not significantly contribute to the structureborne radiated sound and hence is not considered further. The Donnell-Mushtari equations of motion for the axial and radial displacements of the fluid loaded stiffened cylindrical shell are given by [18] :
where ν, ρ and E are respectively the Poisson's ratio, density and Young's Modulus of the hull. A r and E r correspond to the cross sectional area and Young's Modulus of the stiffeners, and b is the stiffener spacing. m d represents the additional mass density to account for onboard equipment.
is the longitudinal wavespeed of the hull. is a non-dimensional thickness parameter. The fluid reactance m f and resistance r f per unit area are given by [19] when , , 
where U, W are respectively the wave amplitudes in the axial and radial directions. Substituting eqns (7-8) into eqns (1-2), the equations of motion may be arranged in the following matrix form β s s f 
The determinant of the matrix in eqn (9) is set to zero, yielding the following characteristic equation (13) which is a third order dispersion equation in terms of k 2 s . The complete harmonic solutions for the shell axial and radial displacements can be written as (14) (15) where the wavenumbers are determined from eqn (13) . For each wavenumber, the ratio of the axial to radial displacement amplitudes is given by (16) where U and W are determined from the boundary conditions.
Dynamic response of a circular plate
The internal bulkheads are modelled as finite circular plates. The equations of motion for the out-of-plane w p and in-plane u p displacements of the circular plates are given by [21] (17)
is the Laplacian operator for axisymmetric motion. is the plate flexural rigidity, where r p , h p , E p and ν p are the plate density, thickness, Young's modulus and Poisson's ratio, respectively. r is the radial coordinate from the plate centre. General solutions to the equations of motion of a circular plate are given by [21] (19) (20) where I 0 is the modified Bessel function of the first kind of order zero. k pB and k pL are the bending and in-plane structural wavenumbers and are respectively given by [21] 
The coefficients A 1 , A 2 and B 1 are determined from the boundary conditions.
Boundary and continuity conditions
Two equally spaced bulkheads divide the cylindrical hull into three sections. The dynamic response of the entire hull is expressed in terms of six unknown coefficients for each section of the hull and three unknown coefficients for each bulkhead. The dynamic response of the hull is calculated by assembling a matrix of the force, moment, displacement and slope continuity conditions at each junction of the hull due to the bulkheads, as well as the boundary conditions at each end of the hull due to the rigid end plates. The steady state response of the hull under harmonic axial force excitation from the propeller is then calculated using a direct method in which the force is considered as part of the boundary conditions. At the hull/bulkhead junctions, the plate radius is equal to the hull radius (r p = a). As shown in Fig. 3 , the coupling conditions at the junctions require the following continuity of displacement and slope and equilibrium of the forces and moments.
, where i = 1,2 for bulkheads 1 and 2 denotes the junction between the cylinder segments and internal bulkheads. The internal cylindrical forces and moments per unit length of the shell circumference in eqns (29-31) are given by [16] , , (32-34) and the circular plate internal forces and moments per unit length of the circumference are given by [21] M 
Due to the rigid plates at each end of the submerged hull, the boundary conditions at x = 0 and x = L are given by ,
,
At x = 0, a unity axial force is applied to simulate the propeller excitation. Taking into account the lumped mass conditions at each end for neutral buoyancy, further boundary conditions at x = 0 and x = L for the hull axial motion are given by ,
where f p is the unity axial force and m l is the lumped mass at each rigid end plate, as shown in Fig. 1 .
For the entire submerged hull consisting of three cylindrical shell sections, two internal bulkheads and rigid end plates, there are a total of 24 unknown coefficients corresponding to the wave amplitudes of the cylinder segments and internal circular plates. The 24 unknown coefficients can be obtained from the matrix expressioǹ p A p = F p , where `p is a 24×24 matrix from the assembly of the boundary and continuity equations, and A p is a 24×1 coefficient vector. The force vector F p has a single non-zero row due to the external force, f p , in eqn (40). Solutions for the unknown coefficients of matrix A p are determined by A p = `p -1 F p . The hull axial and radial displacements are then obtained using eqns (14) and (15) and the internal bulkhead displacements are obtained using eqns (19) and (20) .
It is convenient to express the hull axial and radial displacements in terms of the product of the external force and the physical system transfer function, that is ,
(42-43)
The transfer functions associated with the axial and radial displacements are respectively given by
where i = 1:6 is the number of axial wavenumbers per cylindrical shell segment, E i = e jks,ix and C i is given by eqn (16) . [`p] -1 n,m corresponds to the m th column of the inverse matrix `p -1 , where n = 1:24 corresponds to the number of rows. The m th column coincides with the non-zero row in F p due to the external primary force in eqn (40). 
ACOUSTIC MODELLING OF A SUBMERGED HULL
The radiated sound pressure from the submerged hull is calculated using the Helmholtz integral equation. The motions of the cylinder that contribute to the radiated sound pressure consist of the rigid body motions of the end plates in the axial direction and the radial motion of the cylinder. It is assumed that the distance between the receiver and the source is much greater than either the radius or length of the cylinder. For these conditions, interactions between the end plates and the cylinder may be neglected, allowing a closed form solution to be obtained [22] . The radiated sound pressure from the cylinder is approximated using a spatial Fourier transform of the Helmholtz equation in cylindrical coordinates. The radiated sound pressure from the rigid end plates is calculated using an approximation of the Helmholtz integral equation. The Helmholtz integral equation for the pressure field due to a bounded radiating surface is given by [19] (46)
where is the free space Green function, R 0 is the source point, R f is the field point, p s is the surface pressure, S is the radiating surface and n is the coordinate in the direction of the surface normal.
The pressure from the finite cylinder can be calculated by applying semi-infinite rigid baffles to extend the shell to infinity, as shown in Fig. 4 . This allows a Fourier transform to calculate the solution of the pressure field. The baffles have only a minor effect on the radiation loading [23] . For pressure in the far field, the stationary phase approximation may be used, resulting in the radiated pressure from the cylinder being given by [19] (48)
where w c (k f cosq) is the spectral displacement evaluated at k f cosq. Finite cylindrical shell with semi-infinite baffles [19] .
The pressure radiated from the end plates is denoted by p e (R f , q) The total radiated sound pressure of the submerged hull becomes the sum of the pressure resulting from the axial motion of the end plates and the radial motion of the cylinder.
(54)
It should be noted that although the radiating surfaces of the cylinder and end plates are treated separately, the phasing of the pressure is taken into consideration by using a common reference point at the middle of the cylinder.
ACTIVE CONTROL
At the hull axial resonant frequencies, the submarine acts as a woofer loudspeaker and becomes a very efficient radiator. Feedforward active vibration control is a suitable control strategy to attenuate these low frequency tonal resonances. An adaptive feedforward controller using a filtered-x least mean square (FX-LMS) algorithm [24] is implemented to reduce the vibration levels of the hull and the pressure radiated into the surrounding fluid at the hull axial resonances. shell segment. `s is a 24 × 24 matrix developed in a similar way to `p, and for which only the control force excitation is considered. [`s] -1 n,m then corresponds to the m th column of the inverse matrix `-1 s , where n = 1:24 corresponds to the number of rows and the m th column coincides with the non-zero row in F s due to the external secondary force in eqn (55).
Using the FX-LMS algorithm, a cost function to be minimised can be developed as [25] (60)
where Q and R are Hermitian, positive definite matrices that are not necessarily diagonal. The general weighting matrix Q allows for the weighting of individual error sensors, and the weighting matrix R allows the effort of certain actuators to be weighted against the others. In this work, two cost functions are developed. In the first cost function, the squared hull axial displacement using eqns (56) and (60) is considered. In the second cost function, the squared hull radial displacement using eqns (57) and (60) is used. In each case, the global minimum of the cost function occurs when eqn (60) is partially differentiated with respect to the real and imaginary parts of the control force such that ∂J / ∂f s,real = 0 and ∂J / ∂f s,imag = 0. The corresponding optimal control forces for minimisation of the squared axial and radial displacement cost functions are respectively given by
For the cost function based on the squared axial displacement, error sensors were located at each end of the hull, as shown in Fig. 5 . For a cost function based on the squared radial displacement, error sensors were located in a circumferential array around the hull. The location of the error sensor array varied for each hull axial resonance in order to avoid structural nodes.
Figure 5.
Location of the control force and error sensors for minimisation of the squared axial and radial displacements.
RESULTS
Results are presented for a ring-stiffened steel cylinder of radius a = 3.25m, hull thickness h = 0.04m, length L = 45m and with two evenly spaced bulkheads of thickness h p = 0.04m. The material properties for the steel hull, bulkheads and stiffeners are density r = 7800kgm -3 , Young's modulus E = 2.1×10 11 Nm -2 and Poisson's ratio ν = 0.3. Structural damping was introduced using a complex Young modulus E (1-jh) , where h = 0.02 is the structural loss factor. The onboard equipment and ballast tanks were taken into account by considering a distributed mass on the shell of md = 1500kgm -2 . The internal stiffeners have a rectangular cross-section of A r = 0.08m × 0.15m and are evenly spaced by b = 0.5m. The thickness of the circular plates at each end of the cylinder is the same as for the bulkheads (h p = 0.04m).
Frequency response function of the hull
At low frequencies, the axial modes of the cylinder corresponding to the zeroth circumferential mode numbers are examined. The frequency response function of the hull axial displacement at both x = 0 and x = L is shown in Fig. 6 , where the difference in the results at the anti-resonances are due to the drive point mobility (at x = 0) and transfer mobility (at x = L). At very low frequencies rigid body modes are present since the submerged hull is a free-free system. Three hull axial resonances occur around 21.8Hz, 44.8Hz and 69.7Hz. The stiffeners and fluid loading lower the natural frequencies of the in-vacuo hull. The amplitudes of the resonances are also slightly reduced due to the fluid loading, particularly as the frequency increases and the fluid damping effects become more prevalent. The resonant frequencies of the bulkheads can be observed at 9.4Hz and 36.4Hz. 
Structural response
Active vibration control is applied to each of the hull axial resonances in order to attenuate the structural and acoustic responses of the hull. Initially considering minimisation of the squared hull radial displacement cost function, the uncontrolled and controlled axial and radial acceleration levels along the length of the hull are presented in Figs. 7-9 , at the hull axial resonances of 21.8Hz, 44.8Hz and 69.7Hz, respectively. At each of these frequencies, the location of the error sensor array for the attenuation of the squared radial displacement was positioned at the maximum radial response along the length of the hull, corresponding to locations of 22.5m, 36.9m and 22.5m for the first, second and third hull axial resonances, respectively. Comparison of the uncontrolled responses in each figure shows that the axial and radial motion is out of phase with each other. This is a unique characteristic of the zeroth circumferential modes. The controlled results show that global attenuation is achieved along the length of the hull for both the axial and radial responses, with the greatest reduction achieved in each case at the error sensor locations. The use of multiple error sensor arrays was investigated, however it was found that a single properly located error sensor array results in an optimal control performance, with very little benefit provided using additional error sensor arrays. This result is attributed to the symmetry of the structure and the location of the control force with respect to the primary force. This conclusion is consistent with experimental and numerical results on active control of coupled plate structures as described by Keir et al. [26] . Figs. 7-9 shows that a similar performance is achieved when either the squared axial or radial displacement is used as a cost function. However, using the squared axial displacement, the error sensor location is fixed while using the squared radial displacement, the error sensor array is dependent on the anti-nodal location along the hull at each frequency. 
Acoustic response
The directivity patterns of the radiated sound pressure at a far field location of R f = 1000m for each hull axial resonance are shown in Fig. 13 . The acoustic responses show that the total pressure is dominated by the axial pressure radiated from the end plates, due to the axial excitation of the hull from the propeller-shafting system. At the first hull axial resonance in Fig. 13(a) it is clearly shown that at directivity angles normal to the length of the hull, the radiated sound pressure due to the axial movement of the end plates is out of phase with the radiated pressure from the cylinder, resulting in a decrease in the total pressure. The amplitude of the sound pressure is greatest at the first axial resonance and decreases at higher frequencies due to damping effects in the fluid. The complexity of the radiation directivity patterns increases with increasing frequency. The effect of active vibration control on the radiated pressure is presented in Fig.  14. The squared hull radial displacement cost function is used with a single optimally located error sensor array for each resonant frequency. Global attenuation is achieved at all resonances with the greatest reduction in radiated pressure being achieved at the first hull axial resonance. Whilst this work demonstrates that active vibration control of a submerged hull can result in significant reduction in the low frequency hull acoustic signature, the realistic application is not feasible due to similar control force amplitudes with respect to the primary force required. A restriction on the control force magnitudes with respect to the primary force significantly compromises the control performance. The authors are currently investigating the use of a hybrid passive/active control strategy with control actuators of lower magnitudes to attenuate hull vibration levels. Figure 13 .
The radiated pressure from the hull at 22Hz (a), 45Hz (b) and 70Hz (c). Radiation due to end plates ( ___ ), radiation due to cylinder ( . . . . ), total radiated pressure ( ___ ). Figure 14 .
The radiated pressure from the hull at 22Hz (a), 45Hz (b) and 70Hz (c). Primary radiated pressure (---), radiated pressure with active control ( ___ ).
CONCLUSIONS
A dynamic model of a submerged hull idealised as a ring stiffened cylinder with internal bulkheads and external fluid loading has been presented. The low frequency structural response is dominated by the hull axial resonances. Feedforward active vibration control was applied to attenuate the hull axial and radial displacements at its axial resonances. Cost functions based on the squared hull axial displacement and the squared hull radial displacement were both found to be effective in attenuating the structural and acoustic responses of the hull, although for the radial displacement the location of the error sensor array is frequency dependent. While active control has the potential to provide significant reduction in the structural and acoustic responses of the hull, strategies to reduce the magnitude of the control force require further investigation.
